This paper develops the exact solutions for coupled flexurallateral-torsional static response of thin-walled asymmetric open members subjected to general loading. Using the principle of stationary total potential energy, the governing differential equations of equilibrium are formulated as well as the associated boundary conditions. The formulation is based on a generalized TimoshenkoVlasov beam theory and accounts for the effects of shear deformation due to bending and warping, and captures the effects of flexuraltorsional coupling due to cross-section asymmetry. Closed-form solutions are developed for cantilever and simply supported beams under various forces. In order to demonstrate the validity and the accuracy of this solution, numerical examples are presented and compared with well-established ABAQUS finite element solutions and other numerical results available in the literature. In addition, the results are compared against non-shear deformable beam theories in order to demonstrate the shear deformation effects.
LITERATURE REVIEW ON ANALYTICAL SOLUTIONS
Given the vast literature on the subject, the present literature survey focuses on the static and dynamic analysis of thin-walled shear deformable beams with asymmetric open cross-sections, i.e., members with doubly symmetric and monosymmetric cross-sections are not included in the present survey. Among them, Bercin and Tanaka [1] studied the coupled flexural-torsional free vibrations of thin-walled members of asymmetric open C-sections. Kim et. al [2] formulated the exact dynamic and static stiffness matrices for the free vibration and stability analysis of thin-walled shear-deformable beams. Also, they incorporated flexural-torsional coupling effects due to the asymmetry of the cross-sections. In a subsequent study, Kim and Kim [3] adopted the theory in [2] to formulate the dynamic stiffness matrix element for the flexural-torsional free vibration of asymmetric shear-deformable thin-walled beams. Li et. al [4] developed the dynamic transfer matrix to formulate a solution for determining the coupled bending-torsional response of thinwalled beam under random excitations by considering the effects of warping stiffness and rotary inertia. Prokic [5] formulated the governing equations for the coupled bendingtorsional vibrations of thin-walled beams. Vo and Lee [6] presented a general analytical solution for the study of flexuraltorsional buckling and vibration analysis of open thin-walled composite beams. Jung and Lee [7] derived a closed-form solution for both symmetric and antisymmetric lay-up I-beam. Their solution included the effects of torsional warping and constrained warping. Kim et al. [8] derived the exact stiffness matrices for the buckling and the elastic analysis of thin-walled beam with nonsymmetric cross-sections. Ambrosini [9] developed a general theory for coupled flexural-torsional free vibrations for thin-walled beams of open cross-sections. De Bordon [10] extended the theory for coupled flexure and torsion vibrations of thin-walled beams to incorporating the influence of the axial forces. In Ambrosini [11] , an experimental study for the free vibration of thin-walled beams with asymmetric open cross section was conducted and the results were used to assess the accuracy of various theoretical solutions. The above studies accounts for the effects of shear deformation, warping and rotary inertia.
Although a large number of studies have been developed to investigate the static and dynamic response of thin-walled open asymmetric beams, to the best of the author's knowledge, no closed-form solutions have been reported for the transverselateral-torsional-warping coupled static response of thin-walled asymmetric beams which account for shear deformation effects due to bending and warping. Within the above context, the present study aims at developing exact closed-form solution for static response of shear deformable thin-walled open beams with asymmetric cross-sections.
KINEMATICS RELATIONS
A thin-walled member of arbitrary open cross-section has a fixed right-handed orthogonal Cartesian coordinate system ( , , ) X Y Z with the Z axis parallel to the longitudinal axis of the beam used to describe the geometry and displacements. Fig. 1 shows a local coordinate system ( , , ) n s z positioned on the contour (middle line of the cross-section) in which the coordinates n and s are measured along the normal and along the tangent to the middle surface at the contour point of interest. The present theory of thin-walled asymmetric cross-section is based on the following assumptions: 1. The formulation is applicable to prismatic thin-walled members of arbitrary open cross-sections, 2. Cross-section is assumed to remain undeformed in its own plane (the first Vlasov assumption), but free to warp in the longitudinal direction, 3. Under loading not involving twisting effects, the crosssection remains planar but does not remain perpendicular to the centroidal axis after deformation, i.e., the transverse shear deformation of the mid-surface of the cross-section is incorporated in the assumed kinematics (Timoshenko beam assumption), 4. Under twisting effects, the section is assumed to undergo warping characterized by the Vlasov warping function [12] , although the second Vlasov assumption which assumes zero shear strains within the middle surface (i.e., the second Vlasov assumption) is relaxed, 5. The material behavior is assumed to remain linearly elastic throughout deformation, 6. Strains and rotations are assumed small. ( ) h s is the distance from the shear center perpendicular to the tangent to the contour at point p (Fig. 1) .
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FIGURE 1 COORDINATE SYSTEMS AND DISPLACEMENTS
VARIATIONAL FORMULATION
The total potential energy Π of the thin-walled beam is defined as the sum of the internal strain energy U stored in the deformed body and the potential energy V due to applied loads, i.e., U V Π = + . Taking the first variation of Π and setting it equal to zero, one obtains:
in which U δ is the internal strain energy given by:
where E is the elasticity modulus, G is the shear modulus, 
EQUILIBRIUM GOVERNING FIELD EQUATIONS
From equations (1) (2) (3) (4) , by substituting into equations (6-7). The resulting energy equations are substituted into equation (5) 
The related boundary conditions are obtained as:
In the above equations, the following cross-sectional properties have been defined by: 2 2 , , 1, , 
Equation (8) governs the static longitudinal response of the beam and is uncoupled from the remaining field equations and can be solved. In contrast, equations (9) (10) (11) (12) (13) (14) and associated boundary conditions (15-21) govern the coupled biaxial bending-torsional-warping static response. Unlike the governing equations of the Vlasov theory which happen to be uncoupled, the present shear deformable theory happens to lead to fully coupled field equations. The present work focuses only on the analytical closed-form solution for the coupled system of equations (9) (10) (11) (12) (13) (14) .
HOMOGENEOUS SOLUTION FOR COUPLED BENDING-TORSIONAL EQUATIONS
The homogeneous solution of the governing coupled bending-torsional equations (9) to (14) is obtained by setting the loading terms in the coupled field equations to zero, i.e.,
The solution of the displacement functions is assumed to take the following exponential form: 
where { } i c are the eigenvectors corresponding to eigenvalues i m , matrices 6 6 
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The quadratic 6×6 eigenvalue problem defined in equation (24) is transformed into an equivalent 12×12 unsymmetrical linear eigenvalue problem as:
,12 12 0 0 0 0
where [ ]
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I is the 6×6 identity matrix. The non-trivial solution of equation (26) is given by the right eigen-value arising by setting the determinant of the matrix in equation (26) to vanish. The generalized eigenvalues and corresponding eigenvectors are then determined numerically. For thin-walled beams with asymmetric cross-section, it is observed that all twelve roots are non-zero and distinct (i.e., 
Solution for Cantilever Beam under End Forces
For a cantilever with asymmetric section under end forces; transverse force ( ) y P l , lateral force ( ) 
By substituting into the displacement functions in equation
C 12× in terms of the end forces 
The closed-form solution for simply supported beam under given end moments is determined by substituting the displacement functions in equation (24) into the above boundary conditions.
NUMERICAL RESULTS AND DISCUSSION
The analytical closed-form solutions developed in the present study are used to investigate the static analysis of thinwalled asymmetric members under general forces. Two examples are conducted for beams with asymmetric channel cross-sections. In both examples, the material is assumed to be steel with 200 E GPa = and 77 G GPa = . Results obtained by the present analytical solutions are compared with (i) Vlasov beam theory which neglects shear deformation and distortional effects, (ii) Abaqus shell S4R element solution with six degrees of freedom per node (i.e., three translations and three rotations) which captures shear deformation and distortional effects.
Example 1: Cantilever under End Transverse Force
A 3.0m cantilever thin-walled beam has an asymmetric Jsection is subjected to concentrated transverse force 8 0
. kN applied at the corner point A at the cantilever tip ( 
FIGURE 4 CANTILEVER ASYMMETRIC C-SECTION UNDER END TORSION
Three solutions based on; (i) present formulation, (ii) Vlasov beam theory and (iii) Abaqus shell S4R element model for long and short cantilever beams are provided for comparison. In the Abaqus shell solution, the cantilever is subdivided into 50 elements per meter in the longitudinal direction, eight and four elements along the width of top and bottom flanges, and ten elements through the web height. The Abaqus shell models thus consist of 4,400 shell elements for the long span beam and 1,760 shell elements for short span beam. Table 2 vanish in all three solutions, then there is no coupling between bending and twisting deformation (see appendix for more details). To demonstrate the shear deformation effects on lateral-transverse-torsional-warping coupled static deformation, the present study over-predicts the lateral displacement, transverse displacement, twist angle and warping deformation by less than 5.98%, 6.62%, 4.57%, and 5.68% with those based on the Vlasov beam solution. It is noted that shear deformation effects are very significant in short span beams. While due to the inclusion of distorsional effects of the cross-section in Abaqus model, the coupled static results obtained from the present solution are under-predicted 7.17%, 4.41%, 3.11% and 2.93% lower than the corresponding results based on Abaqus shell model. Again, the difference is due to the distortional effects of the cross-section, which are captured only in the Abaqus shell model. 
CONCLUSION
The static equilibrium equations for coupled bendingtorsional response and associated boundary conditions for thinwalled beams of asymmetric open cross-sections are derived using the principle of the stationary total potential energy. The present formulation based on a generalized Vlasov-Timoshenko beam theory incorporates the effects of shear deformation due to bending and warping and the bending and twist-warping coupling due to cross section asymmetry. The exact closed-form solutions of coupled equations are obtained for asymmetric beams with cantilever and simply-supported boundary conditions.
The present study effectively captures the coupled bending- 
